I -INTRODUCTION
The discovery of AlMn /1/ quasicrystals has raised the urgency for a geometrical description of orientationally ordered 3D structures without periodicity. The mostly used models are the Penrose patterns /2,3/ and their generalization to 3D /4,5,6,7,8/. One of their remarkable features is their discrete Fourier spectrum, already visible in optical Fourier transform of the 2D Penrose pattern /9,5/, and which is clearly demonstrated in the framework of the projection method 7 Two main approaches have been described in order to generate 2D and 3D quasicrystals, namely:
-the "cut and projection" method in which the nonperiodic structure is obtained from a selected strip in a nigh dimensional hypercubic lattice.
-the "grid method" in which several sets of parallel lines (in 2D) or planes (in 3D) are constructed and "dualized" in a suitable way. Note that among the different types of grids, the one which is used the so-called quasi-periodically spaced Ammam grid /6,10/ is special in the sense that the grid can be embedded in the tiling.
In the other cases the grids belong to a "grid-space", different from the underlying space of the tiling, and can be interpreted as a projective diagram for the tiling (see Appendix 2).
The relation between these two methods and their generalized version has been discussed /11/.
from an "ideal" ordered structure in 3D curved space /12,13/, a series of structures of increasing size is generated which contains hierarchical interlaced networks of disclinations /14/. While these structures were originally derived to model amorphous materials it was found that despite the absence of periodicity, they present a high degree of orientational order, due to the hierarchical nature of the defect network. Note that we have described a similar hierarchy of defects in a 2D Penrose tiling 1 5 So an interesting problem is certainly to understand the relation between the hierarchical structure derived from curved space and the 20 and 3D Penrose-like tilings. Numerical /16/ and optical /17/ Fourier transformations of the hierarchical models have displayed the same kind of point-like spectrum with 2-,3-and 5-fold symmetry. In the hierarchical models one has a good knowledge of the local and medium range order for the atomic configurations. Indeed the initial ideal curved space structure is constructed by assembling a small set of precise atomic arrangements, which can be deduced from experiments and/or theoretical arguments. A configuration in the final structure can be compared to the ideal one, any topological difference being called a defect. When considering defect line (disclinations), the connectivity of the defect network follows some topological rules, like, for instance, the impossibility for a single line to end in the volume. The description of the full structure and its complexity amounts to characterizing the defect network, the remaining being locally equivalent to the ideal template order.
Such considerations have been applied to complex tetrahedrally closepacked crystalline structures known as the Frank-Kasper phases /18,19/. The so-called line-skeleton has been identified with a disclination network with reference to polytope (3,3,53.
The picture that comes out from this model is the following description of complex structures in terms of defect network (at least in the case of tetrahedral packings): It is interesting to compare with the theory of 2D melting /20,21/. In that case, upon heating, the generation of disclination points destroys the long range orientation order of the hexatic phase. This is different from the case where the set of disclinations is intrinsic and has itself a hierarchical organization with the same local symmetry as the defect free configuration. For example, the 2D Penrose tiling, in which an infinite set of disclination defects can be defined /IS/, keeps an orientational order because the defect set has the same geometrical properties as the tiling itself.
Let us now compare the two types of models, the quasiperiodic and the hierarchical models. At first sight they focus on two complementary problems.
The Penrose-like models are primarily concerned with the ability for a limited set of geometrical objects to tile perfectly the Euclidean space, irrespective of the kind of decoration of the initial 'Iunitlt cells with atomic species. The spectacular result is the link between two long range properties, the quasi-periodicity and the long range orientation order.
The hierarchical models are firstly concerned with the definition, in an atomic arrangement, of an intrinsic defect set whose local and medium range properties are well characterized. But this distinction is becoming narrower.
There are actually intense studies on the local properties of 2D and 3D Penrose-like models, looking to the frequency of occurence of local arrangement /22/, to the classification of these arrangements in the projection scheme /7,4/, the existence of matching rules for the tiles, the possible atomic arrangements /23,24,etc ... / In the hierarchical model study, the average occurence for local arrangements has been put in a transfer matrix formulation similar to that in the Penrose case.
Also there is a "deflation" approach to the hierarchy, which can be applied to Euclidean crystalline structures and generate a set of crystals with larger and larger unit cells. Their relation with the rational "approximants" /23/ of quasicrystals is certainly worth studying.
In this paper we would like to go one step further in combining curved space and projection method together. The main idea is the following: instead of tiling the Euclidean hyperspace with hypercubes, we try to define as hyperunits some geometrical structures which have a local order analogous to an atomic arrangement. This means that, whatever the dimension of the hyperunit, only its 3D subtiles will be considered. These hyperunits must generate a periodic honeycomb in hyperspace and so they should share a common sub-group with the hypercube. In this paper we discuss the case in 4D and we show how it is possible to construct an (almost regular) honeycomb by packing replicas of polytope (3,3,5}, template for tetrahedrally close-packed structures 2
As it will be explained in 2 dimensions, cutting and projecting from 30 can be interpreted as flattening a 30 polyhedra with a regular array of disclinations (points). Cutting the 40 honeycomb containing (3,3,53 gives rise to periodic structures in 3D with many local icosahedral environments comparable to the Frank-Kasper phases. Future work should focus on the 6D case in order to give quasi-periodic structures with well defined local order and "intrinsic" defects.
I1 -A 2-D EXAMPLE OF THE TWO METHODS -Curved Space Approach
Suppose that for hypothetical reasons a 2-0 structure tends to have a coordination equal to three and to form pentagonal rings. It is well-known that there is no solution to this problem in the Euclidean plane. It is possible to introduce a concept of geometrical frustration related to this impossibility (Fig. I ) . But we know that in curved space (the surface of a sphere) there is a solution: a dodecahedron.
We make the assumption that the real structure can be deduced from the dodecahedron by a mapping or a "decurving" procedure using disclinations in order to balance the positive curvature of the One of the procedures to achieve a complete flattening of a dodecahedron is to map it on another polyhedron. This method is described and applied to an icosahedron in /26/.
In the present case we use a cube. This is possible because the dodecahedron and the cube have a common subgroup of symmetry. Fig. 3b shows how to map a dodecahedron on a cube. In this example all the curvature is now concentrated on the vertices of the cube. If we use square faces of the cube as tiles to cover a surface the part of the mapped dodecahedron inscribed on these tiles draws a new structure. Every time that there are more than 3 squares (or 4-gons in a topoloaical approacn) snaring a vertex we consider that there is a negative disclination at this vertex by comparison with the original cube. Fig. 4 shows what can be obtained if at every vertex there are 4 squares in order to tile the Euclidean plane. Notice that there are some difficulties occurring because the 2-fold symmetry axis of the dodecahedron breaks the 4-fold symmetry of the cube: it is necessary to have a n/2 rotation between two adjacent squares. So all configurations are not allowed, but we do not want to emphasize this point.
Obviously this structure is periodic, but that results from the particular simple choice we have done. A more sophisticated procedure can lead to non-periodic structures /14/. -The Projection Method
In this case also we choose a very simple example leading fo crystalline structure: mapping a 3-0 simple cubic lattice (2 on the (1,1,1) plane -as being described by Duneau and Katz /7/ we project onto the (1,1,1) plane through the origin, all points of a strip defined by this plane with a thickness equal to the cubic cell diagonal orthogonal to this plane. Inside this strip square faces form a corrugated surface (Fig. 5 ). Orthogonal Fig. 5 : A corrugated surface formed by squares lying in a strip parallel to the (1,1,1) plane in a 3D cubic structure mapping on the (1,1,1) plane leads to a regular structure sharing the hexagonal honeycomb symmetry (notice that is the reason for the interest of the 3 indices notation in hexagonal 2-D structure /27/), tiled with rhombuses -two n/3 angles and two 2n/3angles-images of the squares).
This can be written in a vector formalism. The lattice is defined Qy t-hrze srthonormal vectors (zl,E> ,F3) . We consider the vector 6= e +e +e defining the mapping direction. Vectors e 2 3 i are changed hy 2appiqg into vectors:
-Tke periodicity in the (1,1,1) plane occurs because E +E +E =0: a dependance relation with integer coefficients 1 2 3 between one E and the two others. The different structures occuring when the strip thickness goes from 0 to 1 6 4 ([0,(6([) are displayed on figure 6. Suppose now that in the cubic lattice we impose a structural motif: such a dodecahedron is inscribed on each cubes like on Figure 4b .
Mapping the square faces with their part of dodecahedron inscribed on it leads to the Figure 7 . There are disclinations at each point where 6 rhombuses share a vertex. This is another Euclidean mapping of the dodecahedron using disclinations. 
-Generating Disorder in Such Structures
In 2-D crystalline structures a first step of melting consist in the creation of dislocations analysed as disclination dipoles /21/. Such defects can easily be generated in the above structure by introducing a disclination dipole in the hexagonal tiling which underlies the rhombus tiling: (+2n/3, -2rr/3) dipole,which change a pair of hexagons into a square and one octagon. (Notice that the usual dipole in 2-D hexagonal melting is (+n/3,-71/31 but here there is no 6-fold symmetry but only 3-fold symmetry). Fig. 8a shows the effect of this dislocation on the hexagonal structure. Figure 8b shows the mapped dodecahedron structure of the figure 7 with such a dislocation.
It is probably possible to extend this approach to any surface in 3-D constructed by faces of the cubes, but there are some difficulties. For instance notice that:
1. The simple plane surface in a cubic lattice (1,0,0) leads to twinning defects. (Fig. 9 ).
2. The structure obtained by the first method can be generated with a surface in the cubic lattice only if we accept to identify distinct edges, 
It is then interesting to study the projection of 4-D honeycombs on the 3-D Euclidean space.
A second reason is the relation between the two polytopes {3,4,3) and the hypercube {4,3,3) and the {3,3,5) as discussed latter.
-Mapping a 4-D Hypercubic Lattice onto 3-D space.
Conslder a basis for the hypercubic lattice defined by the vectors (e re2fe3fe4). We project parallel to the diagonal 6=e +e +e3fe4 (wlth e . .6=1=(6[ /4 . The vectors ei are thus pro$ec$ed to the f ollohing ci :
These four vectors are dependant vectors of a 3-D space orthogonal to ( 6 ) . They are pointing in four equivalent directions defined by ~os(E'~,~.) = 1/3. Consequently they can be written on a cubic basis in th2 3-D space (u1,u2,u3) Reintroducing a fourth dimension orthogonal to the 30 space (c4=g) it is possible to obtain the matrix which transforms co?rdinates of vectors in the {Zi) basis to coordinates in the {ui) basis. that IS a new f.c.c lattice 2trinslated by (-1,-1,+1,~/4). So 3 after mapping on E the two f.c.c. lattices combine into a diamond structure.
If 1=(6( (1=2 in {el units) in the same way it is shown that the structure is a b.c.c. structure.
As a consequence, the b.c.c. structure can bz seen as a packing of ~hombohedra which are 3-Cells of the Z structure mapped on E . One of these rhombohedra is defined by the three vectors (E ,E Notice that these rhombohedra are arranged by 4 to &ui?d a rhombic dodecahedron which is space filling (the f.c.c. Voronoi cell).
-Projection of the {3,3,4,3) Honeycomb.
The best way to relate {4,3,3,4} and {3,3,4,3} is to pick out half, among the {4,3,3,4} vertices, by requiring that the integral coordinates have an even sum. This is written /28/:
In these two lattices reticular hyper-planes orthogonal to 6 are identical, but there are twice as many in the {4,3,3,4) compared to the {3,3,4,3}. It results immediately that the section by the E3 space (orthogonal to the hypercube diagonal) is the same for {4,3,3,4l agd {3,3,4,3l honeycombs, but two neighbouring points in the E space are neighbouring vertices in the {3,3,4,3l honeycomb.
3
Vertices of the {3,3,4,3l falling in the strip E x{[O1t6t[} are mapped into a simple cubic lattice on E3 (two f.c.c., one translated by the half cubic cel diagonal).
-Projection of the {3,4,3,3) honeycomb
The best way to relate {3,4,3,3) and {4,3,3,4) is to put the {3,4,3,3l vertices on the centre of the {4,3,3,4l faces. It can be shown that the strip projection leads to a structure which is a packing of octahedra and cubooctahedra.
IV -DECORATION OF HONEYCOMBS BY (3.3.51 POLYTOPES.
-The {3,3,5} polytope inscribed in the {4,3,3).
In 2-D we have shown how an icosahedron {3,5) can be inscribed on the faces of a cube {4,3}. There is a similar relation between the {3,3,5l and the hyper-cube /28/. this relation between these two polytopes can be extended to the dual of the cube: {3,3,4) or to the 24-cell {3,4,3).
We consider one cubic cell of the {4,3,3} and insert inside this cell, an icosahedron. There are 6 edges of the icosahedron which are parallel or orthogonal to the cube edges. All the edges are inside the cube. Eight triangular faces of the icosahedron are facing the vertices of the cube. A vertex of the {4,3,3} is surrounded by 4 cubic cells; so this vertex is also the centre of an icosahedron whose 12 vertices are vertices of the 4 triangles facing this vertex in each of the 4 cubes.
Consider the polytope whose vertices are those of icosahedra inserted in the {4,3,3} cubic cells. It has 24 icosahedra (8 inside the cubic cells and 16 surrounding the (4,3,3) vertices). But there are also tetrahedral cells appearing near the faces of the cubic cells. The centre of some tetrahedra are the centre of {4,3,3} faces. These tetrahedra have two opposite edges on the two icosahedra inside two cubes sharing the face. Other tetrahedra are bounded by a triangular face of an icosahedron and a vertex on the other icosahedron. This leads to clusters of 5 tetrahedra symmetically arranged arround the centre of the {4,3,3} faces. We count 24*5=120 tetrahedra. Adjusting the size of icosahedra in order to have all the edges equal, we obtain a polytope which is a packing of 24 icosahedra and 120 tetrahedra. There are 96 vertices. This "semi-regular" polytope is called the snub {3,4,3} /28/.
Adding 24 vertices on the 3-sphere circumscribed to the {4,3,3} at the centre of icosahedra, we obtain a {3,3,5} polytope. These 24 vertices are the vertices of the {4,3,3} and of it dual in the spherical space.
Metric requirements of this construction are more easily considered on the {3,4,3}. All icosahedron vertices are on the edges of the octahedral cell {3,4} divided in the ratio 1:r in an alternate way. Clusters of 5 tetrahedra appear to surround the vertices of the {3,4,3}: its vertex figure is {4,31 and the 8 edges defined by r this vertex figure are alternatively divided in the ratio 1:t. vertices of a dual {3,4,3) complete the {3,3,5} polytope. This is called the Gosset construction for the {3,3,5}. Coordinates of these vertices are giyen by Coxeter /28/:
-even permutation of (+r,+l,+r ,0) for the 96 vertices.
-permutation of (+2,0,0,0) and of (+1,+1,+1,+1) for remaining vertices.
-The honeycomb obtained by packins together hypercube decorated First of all is the question of the existence of this geometrical objet. The theorem /28/ showing that a regular indexing of edges in a {pfqI...,t} polytope or honeycomb is possible when q is even can be applied to the {3,4,3,31 honeycomb. New vertices can divide edges of this honeycomb in an alternate way with a ratio 1:r. This builds a new honeycomb which is described by Coxeter /29/ and called the snub{3,4,3,3}. These new vertices located on the edges of {3,4,3}cells of the {3,4,3,3} form s-{3,4,3} which are cells of this s-{3,4,3,3}. If the {3,4,3,3} is defined by permutation of (+l,+l,0r0)mod2 the s-{3,4,3,3} results of even permutation of (+t ,l ,+tW:0 Imod2.
We are interested in obtaining a packing of {3,3,5}. This can be done by adding new vertices to the s-{3,4,3}-cells. When a {3,3,5} is obtained from a s-{3,4,3} new points are added on the circumsphere to this polytope (3-sphere of radius 2 with the given coordinates), but in the honeycomb an icosahedral cell is common to two s-{3,4,3} and its centre must be defined in the Euclidean space common to these two polytopes. Consequently the distance-etween this centre anc12a vertfr20f the icosahedron P (edge 2t ) is reduced to (l+r )=(3-r)
as it must be in Euclidean space.
The coordinates of the corresponding points are permutations of (+r,O,O,O)mod2 and (+r,+r,+r ,+r)mod2 in place of (+2,0,0,0) and (+l,+l,+l,+l) in the {3,3,5} polytope.
All these coordinates describe a continous packing of distorted {3,3,5} (with {3,3,3} and {3,3,4} ) in a 4 dimensional cubic honeycomb. Notice that all vertices are inside 3-cells of the {3,4,3,3} so we can consider this structure as a 3D structure (think of the 30 cubic lattice as a surface form by all squares). This 3-D structure is tiled with tetrahedra (5,4 or 3 sharing an edge) .
It is also possible to consider a similar structure with all the vertices in 3-cells of the {4,3,3,4} cubic honeycomb. That is clear for the s-{3,4,3,3> structure all its vertices having one coordinate equal to lmod2. But if we want to add vertices in order to fill 4-cells with (3, 3, 5) polytopes the coordinates of this vertices are (+1,0,0,0)mod2 and (+l,+l,+l,+l)mod2. The distortion of {3,3,5} is diferent in this case than in the last example, and the number of point also is diferent.
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VI -APPENDIX 1 -Hierarchical aspect in 2D Penrose tiling.
There is no general theory of this aspect of non-periodic Penrose tiling. But as it is important in order to relate quasi-crystals and the curved space approach using hierarchical disclination networks, we present a qualitative example of a hierarchical description of a Penrose tiling.
There is some hope that the description of tiling in terms of zonohedra, with the help of projective geometry (see next appendix) in order to define invariance in these structures, would give some results, but it is not vet confirmed. We consider a structure which is closely related to the Wieringa roof described by de Bruijn / 3 / . A Wieringa roof is a 2D corrugated surface form by an arrangement of one type of rhombuses. By mapping on a plane this structure gives the 2D rhombus non-periodic tiling with thin and thick rhombuses. The Wieringa roof can described by 4 sets of vertices in 4 parallel planes. Each rhombus have one of its diagonals (small or long) in one plane. We can obtain a new structure by keeping only these horizontal diagonals. This leads to a structure which is a tiling of pentagons, squares and triangles. Squares and triangles are tilted compared to the horizontal plane: pentagons are distributed in two horizontal planes, except that some pentagons have a vertex in one plane and the four others in the second plane.
By mapping on an horizontal plane we obtain a structure which is a tiling by rectangles, isoscele triangles and two kind of pentagons (regular and nonregular, Fig.11 ) .
This structure can also be described as the dual of the kite and dart Penrose tiling. We already have described how to define a perfect local order in this structure /IS/ and how this order needs a spherical space to be extended free of frustration ( fig.12a ). The figure 12b-c show that defects defined relative to this order are arranged following a similar tiling with a larger scale. So it is possible to iterate the defect description to this new structure and to define different sets of defects related by a scaling law.
There is an other interesting feature of this tiling which can probably be generalized to other quasi-periodic structures: the fractal dimension related to this hierarchy.
We have described this tiling as a two altitude-set of vertices. Consider -equal level lines at the intermediate height between the two planes. These lines cross squares, triangle and corner of non-regular pentagons. They are close lines, all of the same family as show on the figure 13. It results that there are infinite lines with a fractal dimension given by: D= Log2 / Logr or D=1.44... ss it appears in a Van Koch construction. 
Zonal Diaarams
A zonohedron is a convex polyhedron each of whose faces is centrally symmetrical /28/. Every edge determines a zone of faces in which every two adjacent faces meet in an edge parallel to the given edge. A very beautiful geometrical characterization of zonohedra has been given by Coxeter/30/. The purpose of this appendix is to recall briefly some of these results and to show how the formalism bears interesting relationships with that used in the context of (generalized) Penrose tilings, (P.T.), in the hope it could shed new light on the latter in the future. We shall mainly focus on zonohedra in 3D Euclidean, their projection diagram and its relation with the grid-space method developed by deBruijn for 2D P.T.. A brief mention will be made on the classification of zonotopes (the generalization for zonohedra in any dimension) by means of zonal diagrams by McMullen /31/ and its relation to the projection method. Coxeter method proceeds as follows: embed the Euclidean space in projective space (adding the plane at infinity). Each zone of m faces contains m parallei edges whose common direction gives one point on the plane at infinity. A set of two parallel faces define a line on that plane which passes through two points. This arrangement of line and points is called the first projective diagram for zonohedra. Taking into account the duality property of the projective plane, a second projective diagram is constructed with the following relation between real zonohedra and diagrams:
